Quantum defect theory is applied to (time-dependent) density-functional calculations of Rydberg series for closed shell atoms: He, Be, and Ne. The performance and behavior of such calculations is much better quantified and understood in terms of the quantum defect, rather than transition energies.
I. INTRODUCTION
Time-dependent density functional theory (TDDFT) [1] has enjoyed a recent surge in popularity for calculating excited-state energies of atoms, molecules, clusters, and solids [2, 3] . TDDFT has features similar to ground-state density functional theory (DFT): It produces useful accuracy at a fraction of the computational cost of ab initio methods [2] , but reliability depends on the approximate functionals used [4] . As more and more practictioners in many subfields of computational science use TDDFT, there are ever increasing numbers of implementations. Calculations on atoms and sequences of atoms are often used to benchmark new implementations, or to show how well TDDFT works in the simplest cases. These are particularly useful, as much highly accurate data, both from experiment and accurate wave function calculations, are available for these systems.
A well-known difficulty that hampered even the earliest calculations of excitations in atoms with TDDFT [5] is the incorrect asymptotic behavior of the ground-state potentials of common density functional approximations. It has long been known that the exact KS potential for a closed shell atom decays as −1/r at large r, where r is the distance from the nucleus [6, 7] . Typical approximations for the ground-state, such as the local density approximation (LDA), gradient corrected functionals (GGAs), and hybrid functionals (see for example Ref. [8] and references therein), have potentials that decay too rapidly with r. Only those with the correct asymptotic behavior support the Rydberg series of transitions, an infinite number of transitions that merge with the continuum at the ionization threshold. Orbital-dependent functionals capture this behavior naturally, as does the Van Leeuwen-Baerends potential approximation (LB94) [9] , which was designed to have an asymptotically correct behavior. Several recent methods have been suggested for correcting the standard functionals to produce the long-ranged tail [10, 11, 12] . In any event, our present work applies only to long-ranged potentials.
We argue here that the way in which results have been calculated and reported for atoms is far from optimal. We show that long lists of transition frequencies for Rydberg series converging to the ionization threshold are not the best way to report such calculations. Instead, the welldeveloped theory of the quantum defect [13] , used for decades in atomic physics, is ideal for this purpose. We show that, for each Rydberg series, i.e., for each value of angular momentum l, two or three numbers completely characterize all the information in the infinite series. Furthermore, the quantum defect is a much more demanding test of excitation energies, and methods that appear to have only small energetic errors can yield quite poor quantum defect behavior. Also, shifts in orbital energies, such as the missing correlation contribution in the exact exchange HOMO energy, have no effect on the quantum defect, so that the quality of a potential can be assessed without being influenced by such errors. We also find [14] , that the quantum defect of the exact groundstate Kohn-Sham (KS) potential, is sometimes, but not always, a good starting point for approximations to the true quantum defect. The exact s KS quantum defect and the exact singlet and triplet quantum defects [16] of He and their parabolic fits.
II. THEORY
In Fig. 1 we show the orbital energy level diagram of the helium atom. The zero is set at the onset of the continuum, marked with a dotted line. For closed shell atoms and for any spherical one-electron potential that decays as −1/r at large distances, the bound-state transitions form a Rydberg series with frequencies:
where I is the ionization potential, and µ nl is called the quantum defect. We use atomic units (e 2 = = m e = 1) throughout. The value of the quantum defect is that, for real atoms, quantum defects depend only weakly on the principle quantum number n for large n and converge to a finite value in the limit n → ∞. In fact, according to Seaton's theorem [15] , the quantum defect is a smooth function of energy as E → 0, and merges continuously with the phase-shift (relative to pure Coulomb scattering) divided by π. In Table I , we report extremely accurate results from wavefunction calculations for the helium atom. We show singlet and triplet values that have been obtained by Drake [16] . We also give results from the exact ground-state KS potential, as found by Umrigar and Gonze [17] . We say more on how we obtained the KS values in section III A. On the left are the transition frequencies, while on the right are the corresponding quantum defects. Note how small the differences between transitions become as one climbs up the ladder, and yet the quantum defect remains finite and converges to a definite value.
In Fig. 2 we show the exact s KS quantum defect and the singlet and triplet quantum defects corresponding to accurate wave function results [16] for helium as sym- bols. This is the way the defect was plotted in Ref. [14] for the case of the Ne atom. However, it is more appropriate still to plot the defect as a function of energy, as shown in Fig. 3 . This clearly illustrates that the quantum defect is a smooth function of energy, and will be well approximated a polynomial of some low order p:
We choose to optimize the fit over the entire range of exitation energies, not just about E = 0 (the µ i are simply related to the a, b, and c coefficients in Ref. [14] ). For example the data in Fig. 3 can be accurately described by a straight line. We report these coefficients in Table II and give the quantum defects obtained from these coefficients as continuous lines in Figs. 2 and 3. We also added the transition energies for He obtained from the KS fit to Table I . The maximun error in the fit is 3/100 mH so it is essentially exact for all purposes of this paper. We shall see that in other cases just two or even three coefficients are not enough to describe the data accurately. In those cases we will need to decide when to stop adding more coefficients to fit the data, since we would like to describe the data with as few coefficients as possible. Therefore we will look at the maximum absolute error in the quantum defect. By which we mean that we recalculate the quantum defects from the coefficients and look at the absolute differences between the fitted and original values, and then look at the largest difference. We will stop adding more coefficients once the maximum absolute error is smaller than 0.001, or, in case this value is not reached, whenever the absolute errors do not change much when adding more coefficients. We give the value for the error also in Table II . Any approximate ground-state KS potential suggested for use in TDDFT should have its coefficients compared with the KS num- a Obtained from non-relativistic calculations of the orbital energies from Ref. [16] .
b KS values obtained with the exact potential from Ref. [17] .
bers in the table, while any approximate xc-kernel should have its coefficients compared with the singlet and triplet case.
III. GROUND-STATE KOHN-SHAM POTENTIALS
All linear response TDDFT calculations of excitations begin from the occupied to unoccupied transitions of the ground-state KS potential. In this section, we analyse some of the most popular approximations using quantum defect theory.
A. Computational details
All ground-state DFT results shown here are calculated with a modified OEP (optimized potential model) program [18, 19, 20] . This program is basis set independent, works with a radial grid, and both the energies and the potentials are optimized in a self-consistent way. The exact-exchange (x-only) OEP is already included in this program. We also did calculations with the LB94 [9] potential by Van Leeuwen and Baerends, which was not available in the program. We implemented this functional by adding the LB94 correction to the LDA xc-potential and let the program optimize this potential in a self consistent manner. The program has the ability to read in the accurate potentials by Umrigar et al.
(He [17] , Be [21] , and Ne [21] ). These accurate potentials were only known by us up to a particular radius. In order to calculate energies for higher n values we needed to increase this radius. We did this by adding a −1/r tail to υ xc and a Z/r tail to υ rmH and we checked that the transition was smooth. We also made sure our values are converged with the number of gridpoints. When we used the accurate potentials, we did not allow the program to self consistently change the potential. The maximum n value for which we could still do very accurate calculations is n = 7 for He and n = 9 for Be and Ne.
B. Exact results
As we have seen the numbers, µ i , contain all the information needed to characterize a given Rydberg series, and make tables of the actual transition frequencies redundant. In Table III , we report the coefficients for s and p KS quantum defects for the He, Be and Ne atoms obtained with accurate xc potentials. We use the transitions up to n = 9 for the fit in case of Be and Ne, and up to n = 7 in case of He.
When we compare the s (l = 0) values with p (l = 1), the asymptotic KS quantum defect is smaller for p in all cases. This reflects the lesser importance of the inner part of the KS potential relative to the angular momentum barrier as l grows. However, the curvature of the s and p quantum defect is similar.
C. Approximations
In this section, we demonstrate our methodology by testing two common approximations for the ground-state KS potential. These are exact exchange OEP [20] and LB94 [9] . Exact exchange calculations are more demanding than traditional DFT calculations, but are becoming popular because of the high quality of the potential [22, 23] . On the other hand, LB94 provides an asymptotically correct potential at little extra cost beyond traditional DFT [11, 24, 25] . Fig. 4 shows both these potentials for the Be atom together with the exact potential [21] . Our figure for the exact potential is different from the one in Ref. [9] , since in that reference they use a different accurate density to derive the potential. We give our values for the fit parameters in Table IV . In Fig. 5 we show the p Be quantum defect obtained with LB94, OEP, and KS and we show the fit as continuous lines. Fig. 5 immediately shows the high quality of the OEP potential. The quantum defect curve is almost identical to the exact one, being offset by about 0.1 (see Table IV) . On the other hand the quantum defect of LB94 is poor, and this is true for all cases studied. From Fig. 4 we can see that the OEP is much closer to the true potential than LB94 and also approaches −1/r faster. This shows that just having a potential that is asymptotically correct is not enough to get a good quantum defect.
Another thing we have not mentioned so far is that a potential that gives a wrong ionization potential does not necessarily give a bad quantum defect. The origin of this is that the quantum defect is obtained from ω nl − I and can take a shift of energy levels into account. Con- sider the exact exchange results for the atoms. Typically, these quantum defects are accurate to 0.1. Thus, using the exact ionization potential with the exchange quantum defects, yields highly accurate transition frequencies, i.e., the most significant error in OEP excitations is due to the missing correlation contribution to the position of the HOMO. On the other hand, we see that LB94, while asymptotically correct and sometimes having a highly accurate ionization potential, has much less accurate quantum defects.
IV. TDDFT RESULTS
In the previous sections we saw that the KS quantum defects are typically lying in between the exact singlet and triplet quantum defects [31] . In order to calculate these singlet and triplet quantum defects within DFT the usual method of choice is TDDFT (within the linear response regime). Apart from a ground-state potential one needs to choose an xc-kernel as well. In this section we obtain quantum defects from excitation energies obtained with different xc-kernels and ground-state potentials. We focus mainly on the Be atom, but we also give expansion coefficients for He and Ne quantum defects.
A. Performance of TDDFT
We concentrate on the quantum defect obtained from the ALDA kernel applied to the exact ground-state KS potential. In Table V , we show s → s and s → p excitation energies for the Be atom. The ALDA results in column three are obtained by Van Gisbergen et. al. [27] . For their ground-state calculations, they used the accurate potential by Umrigar and Gonze [21] and for the xc-kernel they used the ALDA. The calculations were a Experimental values from NIST [26] b The differences between the KS eigenvalues obtained with the exact potential from Ref. [21] c ALDA calculation including all bound and unbound states from Ref. [27] d ALDA calculation including 34 unbound states from Ref. [28] e Hybrid calculation including 34 unbound states for He and 38 unbound states for Be from Ref. [29] f ALDA calculation with WY ground-state potential from Ref. [30] g Asymptotically corrected ALDA results from Ref. [30] done close to the basis set limit and with high numerical integration accuracy. As can be seen from the table the excitation energies for the s → s transitions are very close to the experimental values with a mean average error (MAE) of only 0.3 mH. The s → p excitation energies are a bit less accurate with an MAE of 3.7 mH, but this is still an accurate result. The fit coefficients for the quantum defects of these calculations are reported in Table VI . For the fit of the TDDFT results we took a less strict constraint to determine when to stop adding more coefficients. We took 0.01 instead of 0.001, reflecting the greater error in this data.
In Fig. 6 we show the s and p quantum defects corresponding to these values and we compare them with the bare KS and experimental results. For the s quantum defect, the experimental curve is essentially a straight a Experimental values from NIST [26] b The differences between the KS eigenvalues obtained with the exact potential from Ref. [21] c ALDA calculation including all bound and unbound states from Ref. [27] d ALDA calculation including 34 unbound states from Ref. [28] e Hybrid calculation including 38 unbound states from Ref. [29] f ALDA calculation with WY ground-state potential from Ref. [30] g Asymptotically corrected ALDA results from Ref. [30] 0. line, with a small negative slope. The p quantum defect, on the other hand, is much more curved, with a large positive slope, due to the much lower 2s → 2p transition. The exact KS potential has been touted as a good approximation to the experimental results [31] . This is clearly true for the s curves but not so for the p quantum defect. In that case the KS quantum defect, while being very close to the expermental value as n → ∞ has the wrong behavior as a function of E.
In both the s and p case it is clear that doing a full TDDFT calculation considerably improves upon the bare KS results. The ALDA does slightly overcorrect the s quantum defect, underestimating the value at E = 0. In case of the p quantum defect the ALDA tends to correct for the opposite slope of the KS values compared to the experimental values, but the correction is not complete, leading to a curved line. We also see that the s quantum defects as obtained with the ALDA are much better than the p quantum defects, even though the MAE is only a few mH in the last case.
B. Truncating Casida's equation
Another set of ALDA calculations were performed by Petersilka, Gross, and Burke [28] . The difference between their calculation and that of Van Gisbergen is that they truncate the summation over states in the response function, including only poles of bound states and neglecting continuum contributions. They included the lowest 34 bound states of s and p symmetry in their calculations. Just like in case of the full ALDA calculations the groundstate was determined with the potential of Umrigar and Gonze [21] . We show these results in column four of Table V. Again the results are close to the experimental values with an MAE of 1.1 mH for the s → s transitions and an MAE of 1.7 mH for the s → p transitions. In Fig. 7 we show the s and p quantum defects corresponding to these values and we compare them with the full ALDA results. For the s quantum defect we see that the quantum defect is slightly below the ALDA values, and the slope is too large, leading to a smaller asymptotic quantum defect. For the p quantum defect we see that there is not much difference between the truncated and the full results. So the effect of the truncation in case of Be is not so great. For He the difference is relatively larger, because the TDDFT corrections are so small. This can be seen from the values in Tables VI and VII , which we will discuss in section IV F.
C. Quality of the ground-state potential
For all TDDFT methods we have described so far, the ground-state was calculated with the exact potential of Umrigar and Gonze [21] . This eliminates errors in the ground-state so one can compare the effects of using a different xc-kernel. But for practical calculations such an accurate potential is not available. This motivates the development of other accurate ground-state potentials to calculate the Rydberg series.
Wu and Yang [12] obtained an accurate potential by a direct optimization method that allows them to calculate the potential from a given electronic density. This density is obtained from a coupled-cluster singles and doubles (CCSD) calculation. In Table V we show the excitation energies corresponding to the WY potentials and the error is just a few mH. In Fig. 8 we show the quantum defects obtained with this potentials and compare them with the ALDA and experimental values. Only the asymptotic value of the quantum defect is accurate. Errors due to (very small) errors in the ground-state density are visible for all other energies, and can be comparable to the xc-kernel itself. The WY method is therefore still very promising, but clearly requires a very accurate input density. Quantum defect analysis should prove very useful for testing WY-type calculations, for example, for comparing basis set errors with errors due to the level of calculation used for obtaining the input density.
D. Testing approximate kernels
In an attempt to improve the xc-kernel, Burke, Petersilka, and Gross [29] suggested the following form,
This form is based on the fact that the parallel-spin contribution is well described in the exact exchange case, because of a cancellation of exchange contributions. But an exact exchange treatment misses the significant antiparallel correlation contribution, leading to too large singlet/triplet splittings. Therefore it is recommended that for the anti-parallel kernel one uses the ALDA. We show the excitation energies obtained with this kernel in Table V. It should be noted that just as in case of the truncated-ALDA calculations, the number of states included in the hybrid calculation is also limited. Namely, 34 states in case of He and 38 states in case of Be. Therefore we shall denote the method by truncated-hybrid. The ground-state of these calculations was again calculated with the exact potential of Umrigar and Gonze [21] . Apart from the 2s → 2p transition the truncated-hybrid results are very similar to the truncated-ALDA results.
It is the large error in the 2s → 2p transition that leads to the large MAE.
In Fig. 9 we show the s and p quantum defects corresponding to the truncated-hybrid results and we compare them with the truncated-ALDA and experimental results. From the s quantum defect plot it can again be seen that the truncated-hybrid results are close to the truncated-ALDA values, so the kernel does not improve the results in this case. For the p quantum defect, the results actually get worse with the truncated-hybrid giving a slope opposite the the experimental curve, so it shifts the KS values in the right direction but does not correct for the wrong slope. The hybrid kernel does not improve much upon the truncated-ALDA for Be as was also found in Ref. [29] . It is only good for two-electron systems, for which it was derived.
E. Asymptotically corrected ground-state potentials
Wu, Ayers, and Yang [25] obtained an asymptotically corrected LDA (AC-LDA) potential by a variational method that forces the potential to have the correct asymptotic behavior. This is a pure DFT treatment that can be applied to larger molecules. We see from Table V that the AC-LDA gives a large MAE.
In Fig. 10 we show the quantum defects obtained with the AC-LDA potential and compare them with the KS and experimental values. In both cases the AC-LDA values are much lower than the ALDA, which was evaluated on the exact ground-state KS potential. The AC-LDA strongly underestimates the experimental s and p quantum defects. The shape of the p curve is similar to the ALDA curve. From this figure, it is clear that there are significant errors in the underlying KS potential.
F. Coefficients for He
In this section we give the values of the best fit for He as defined in Eq. 2 and as described thereafter. The original excitation energies from which the quantum defects and corresponding coefficients are calculated are obtained from the same sources as the Be data described above. In Table VII , we give results for He. The sizes of the quantum defects are much smaller than in Be, and the fractional change between KS and experiment is concomitantly larger. In the case of the p quantum defects, they can have large opposite signs. Application of ALDA to the exact ground-state KS potential again works well.
In the case of He, the truncated-hybrid result improves upon the truncated-ALDA. As we mentioned before this is because the hybrid was developed for 2-electron systems. AC-LDA and WY coefficients of He really stand out as behaving much differently from the other cases and giving large errors that cannot be removed by adding more coefficients. The AC-LDA and WY coefficients of Be did not have this problem.
G. Triplets
In practice, spin decomposed TDDFT is commonly used, and allows prediction of singlet→triplet transitions. In this section we discuss the coefficients of the quantum defect expansion obtained from triplet excitation energies. In Table VIII we show the fit coefficients for He and Be. For the WY and AC-LDA methods there is no triplet data available. For the triplet case, the µ 0 's are very well reproduced in all cases, also the other coefficients are often close. Overall the data can in most cases be reproduced by only two or three coefficients. a Non-relativistic calculations from Ref. [16] b The differences between the KS eigenvalues obtained with the exact potential of Ref. [17] .
c ALDA calculation including all bound and unbound states from Ref. [27] d ALDA calculation including 34 unbound states from Ref. [28] e Hybrid calculation including 34 unbound states from Ref. [29] f ALDA calculation with WY ground-state potential from Ref. [30] g Asymptotically corrected ALDA results from Ref. [30] [26] b ALDA calculation including all bound and unbound states from Ref. [27] c ALDA calculation including 34 unbound states from Ref. [28] d Hybrid calculation including 34 unbound states for He and 38 unbound states for Be from Ref. [29] V. CONCLUSIONS
In the first part of this paper we have shown that the quantum defect is a valuable quantity when reporting Rydberg states. A plot of the quantum defect can be more insightful than a list of excitation energies. The quantum defect can also be fitted to an expansion around E = 0 and a finite number of expansion coefficients can fully describe the Rydberg series. We calculated the quantum defects for He, Be, and Ne with accurate xc-potentials and showed that the KS quantum defect lies between the interacting singlet and triplet values.
We also studied approximate ground-state KS potentials, namely, the LB94 and OEP potentials. We saw that the OEP results are very close to the exact KS values. The LB94 underestimates the quantum defect in all cases. Again the data can be fully described by a few coefficients.
In the final part of the paper we calculated the quantum defects from available TDDFT excitation energies from the literature. We see that the quantum defect really amplifies the error in these cases. The TDDFT data can be described by only a few coefficients.
Overall we see that while having an asymptotically correct potential guarantees the existence of a Rydberg series, it is not necessarily a good one. This is especially the case for AC-LDA TDDFT and LB94 ground state values, and to lesser extent even for the WY TDDFT values.
